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Abstract
In this paper, we investigate the Euler sums
Gn+2(p, q) =
∑
1≤k1<k2<···<kp+1
1
k1k2 · · ·kpk
n+2
p+1
∑
1≤ℓ1≤ℓ2≤···≤ℓq≤kp+1
1
ℓ1ℓ2 · · · ℓq
.
We give another two representations, a reflection formula, and some other properties. Then
we use these results to calculate ζ⋆(r + 2, {2}n), for r = 0, 1, 2, as our applications.
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1. Introduction
The multiple zeta values (MZVs) and the multiple zeta-star values (MZSVs) are defined
by [9, 11, 12, 13]
ζ(α1, α2, . . . , αr) =
∑
1≤k1<k2<···<kr
k−α11 k
−α2
2 · · · k
−αr
r
and
ζ⋆(α1, α2, . . . , αr) =
∑
1≤k1≤k2≤···≤kr
k−α11 k
−α2
2 · · · k
−αr
r
with positive integers α1, α2, . . . , αr and αr ≥ 2 for the sake of convergence. The numbers r
and |α| = α1 + α2 + · · ·+ αr are the depth and weight of ζ(α). For our convenience, we let
{a}k be k repetitions of a, for example, ζ({2}3) = ζ(2, 2, 2).
MZVs of length one and two were already known to Euler. A systematic study of MZVs
began in the early 1990s with the works of Hoffman [9] and Zagier [13]. Thereafter these
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numbers have emerged in several mathematical areas including algebraic geometry, Lie group
theory, advanced algebra, and combinatorics. See [8, 15] for introductory reviews.
The finite MZVs and MZSVs are defined as follows.
ζn(α1, α2, . . . , αr) =
∑
1≤k1<k2<···<kr≤n
k−α11 k
−α2
2 · · · k
−αr
r ,
ζ⋆n(α1, α2, . . . , αr) =
∑
1≤k1≤k2≤···≤kr≤n
k−α11 k
−α2
2 · · · k
−αr
r .
The generalized harmonic numbers H
(s)
n of order s which are defined by H
(s)
n =
∑n
j=1 j
−s. It
is known that (ref. [2, Lemma 1])
ζn({1}
m) = Pm(H
(1)
n ,−H
(2)
n , . . . , (−1)
m+1H(m)n ),
ζ⋆n({1}
m) = Pm(H
(1)
n , H
(2)
n , . . . , H
(m)
n ),
where the modified Bell polynomials Pm(x1, x2, . . . , xm) are defined by [2, 6, 7]
exp
(
∞∑
k=1
xk
k
zk
)
=
∞∑
m=0
Pm(x1, x2, . . . , xm)z
m.
Recently Choi [5] and Hoffman [10] investigated some special cases of the following Euler
sums
∞∑
m=1
ζm({1}
p)ζ⋆m({1}
q)
mα1(m+ 1)α2 · · · (m+ r − 1)αr
.
In this paper, we consider the little different Euler sums:
Gn+2(p, q) =
∑
1≤k1<k2<···<kp+1
1
k1k2 · · ·kpk
n+2
p+1
∑
1≤ℓ1≤ℓ2≤···≤ℓq≤kp+1
1
ℓ1ℓ2 · · · ℓq
, (1)
where n, p, q are nonnegative integers. It is noted that Gn+2(p, 0) = ζ({1}
p, n + 2) and
Gn+2(0, q) = ζ
⋆({1}q, n+ 2).
This Euler sums have the other two representations:
Theorem A.
Gn+2(p, q) =
p+q+1∑
r=p+1
(
r − 1
p
) ∑
|α|=p+q+1
ζ(α1, . . . , αr + n + 1)
=
1
p!q!n!
∫
E2
(
log
1
1− t1
)p(
log
1
1− t2
)q (
log
t2
t1
)n
dt1dt2
(1− t1)t2
.
The function Gn+2(p, q) has a reflection formula as follows.
2
Theorem B. For a pair of positive integers p, q, and an integer k ≥ 0, we have
Gk+3(p− 1, q) + (−1)
kGk+3(q − 1, p) =
∑
a+b=k
(−1)bζ({1}p−1, a+ 2)ζ({1}q−1, b+ 2).
We evaluate ζ⋆(r + 2, {2}m), for r = 0, 1, and 2, as applications of Gn+2(p, q). We show
that the generating function of ζ⋆(r + 2, {2}m) is
∞∑
k=1
1
kr+2
Γ(k + x)Γ(k − x)
Γ(k)2
.
From this generating function we have
ζ⋆(r + 2, {2}m) =
∑
p+q=2m
a+b=r
(−1)q+b
(
p+ b
p
)
Gq+2(p+ b, a).
Then we get a sum formula which was first appeared in [11, Theorem 2] and then Zagier
regained it in [14].
∑
a+b=n
(2 + δ0a) ζ
⋆({2}a, 3, {2}b) = 2(2n+ 2)
(
1−
1
22n+2
)
ζ(2n+ 3).
Our paper is organized as follows. In Section 2, we present some basic properties of
Gn+2(p, q). We investigate the generating function of ζ
⋆(r + 2, {2}m) in Section 3. When
we calculate the values of Gn+2(p, q) we need some sum formulas of MZVs and MZSVs of
height one. We write these sum formulas in Section 4. In order to evalute ζ⋆(r + 2, {2}n) we
calculate some sum formulas of Gn+2(p, q) in Section 5. In the last section we evaluate the
values of ζ⋆(r + 2, {2}n), for r = 0, 1, 2, as our applications.
2. Properties of Gn+2(p, q)
In this section we will give some interesting properties of Gn+2(p, q). We need a proposition
in [8] to transform a sum of MVZs to a integral representation.
Proposition 2.1. [8, Proposition 6.5.1]
∑
|α|=m
ζ({1}p, α1, α2, . . . , αq + n) =
1
p!(q − 1)!(m− q)!(n− 1)!
×
∫
E2
(
log
1
1− t1
)p(
log
t2
t1
)m−q (
log
1− t1
1− t2
)q−1(
log
1
t2
)n−1
dt1dt2
(1− t1)t2
.
The following we give two other representations of Gn+2(p, q):
3
Theorem 2.2.
Gn+2(p, q) =
p+q+1∑
r=p+1
(
r − 1
p
) ∑
|α|=p+q+1
ζ(α1, . . . , αr + n + 1) (2)
=
1
p!q!n!
∫
E2
(
log
1
1− t1
)p(
log
1
1− t2
)q (
log
t2
t1
)n
dt1dt2
(1− t1)t2
. (3)
Proof. Since Gn+2(p, q) is a product of a multiple zeta value and a multiple zeta-star value,
we use the shuffle product relation (ref. [4]) and then we get
Gn+2(p, q) =
p+q+1∑
r=p+1
(
r − 1
p
) ∑
|α|=p+q+1
ζ(α1, . . . , αr + n+ 1).
Using Proposition 2.1 we can transform this summation to an integral representation
Gn+2(p, q) =
p+q+1∑
r=p+1
(
r − 1
p
)
1
(r − 1)!(p+ q − r + 1)!n!
×
∫
E2
(
log
t2
t1
)p+q−r+1(
log
1− t1
1− t2
)r−1(
log
1
t2
)n
dt1dt2
(1− t1)t2
.
Using the binomial theorem we have
Gn+2(p, q) =
1
p!q!n!
∫
E2
(
log
t2
t1
+ log
1− t1
1− t2
)q (
log
1− t1
1− t2
)p(
log
1
t2
)n
dt1dt2
(1− t1)t2
.
We change the variables (ref. [3])
1− t1
1− t2
=
1
1− u1
and
1
t2
=
u2
u1
,
then we get the final desired form.
Therefore we can give a new integral represetation of ζ⋆({1}q, n+ 2).
Corollary 2.3. Let q and n be nonnegative integers. Then
ζ⋆({1}q, n+ 2) =
q+1∑
r=1
∑
|α|=q+1
ζ(α1, . . . , αr + n+ 1) (4)
=
1
q!n!
∫
E2
(
log
1
1− t2
)q (
log
t2
t1
)n
dt1dt2
(1− t1)t2
. (5)
The function Gn+2(p, q) has a reflection formula as follows.
Proposition 2.4. For a pair of positive integers p, q, and an integer k ≥ 0, we have
Gk+3(p− 1, q) + (−1)
kGk+3(q − 1, p) =
∑
a+b=k
(−1)bζ({1}p−1, a+ 2)ζ({1}q−1, b+ 2). (6)
4
Proof. Consider the double integral
1
k!p!q!
∫ 1
0
∫ 1
0
(
log
u
t
)k (
log
1
1− t
)p(
log
1
1− u
)q
dt
t
du
u
.
Replace the factor (
log
u
t
)k
=
(
log
1
t
− log
1
u
)k
by its binomial expansion
∑
a+b=k
k!(−1)b
a!b!
(
log
1
t
)a(
log
1
u
)b
we see immediate that its value is given by
∑
a+b=k
(−1)bζ({1}p−1, a+ 2)ζ({1}q−1, b+ 2).
Now we decompose the square [0, 1]× [0, 1] into union of two simplices
D1 : 0 < t < u < 1 and D2 : 0 < u < t < 1.
On D1 : 0 < t < u < 1, the corresponding integral
1
p!q!k!
∫
0<t<u<1
(
log
1
1− t
)p(
log
1
1− u
)q (
log
u
t
)k dt
t
du
u
can be rewritten as
1
(p− 1)!q!(k + 1)!
∫
0<t<u<1
(
log
1
1− t
)p−1(
log
1
1− u
)q (
log
u
t
)k+1 dt
1− t
du
u
which is equal to Gk+3(p − 1, q). In the same manner, the corresponding integral on D2 is
(−1)kGk+3(q − 1, p).
Furthermore, the values of G2(p, q) can be easily calculated.
Proposition 2.5.
G2(p, q) =
(
p+ q + 1
q
)
ζ(p+ q + 2) = G2(q − 1, p+ 1). (7)
Proof. Since G2(p, q) have the following integral representation
1
p!q!
∫
E2
(
log
1
1− t1
)p(
log
1
1− t2
)q
dt1dt2
(1− t1)t2
.
5
With log 1
1−t2
= log 1−t1
1−t2
+ log 1
1−t1
we use the binomial theorem to decompose the second
factor in the above representation, then we have
q∑
j=0
(
p+ j
p
)
ζ({1}p+q, 2).
Since
q∑
j=0
(
p+ j
p
)
=
(
p+ q + 1
q
)
and using the dual theorem
ζ({1}p+q, 2) = ζ(p+ q + 2)
we conclude the first identity. Since
(
p+q+1
q
)
=
(
p+q+1
p+1
)
we get the second identity.
There is an easy result:
ζ⋆({1}q, 2) = G2(0, q) = (q + 1)ζ(q + 2).
3. The generating function of ζ⋆(r + 2, {2}m)
Let r and m be nonnegative integers. We define the generating function of ζ⋆(r+2, {2}m)
to be
G⋆r(x) :=
∞∑
m=0
ζ⋆(r + 2, {2}m)x2m. (8)
This generating function can be expressed as the following.
Proposition 3.1.
G⋆r(x) =
∞∑
k=1
1
kr+2
Γ(k + x)Γ(k − x)
Γ(k)2
. (9)
Proof. From the well-known formula
1
Γ(s+ 1)
= eγs
∞∏
n=1
(
1 +
s
n
)
e−
s
n ,
we have
Γ(k + x)Γ(k − x)
Γ(k)2
=
k2
k2 − x2
Γ(k + x+ 1)Γ(k − x+ 1)
Γ(k + 1)2
=
k2
k2 − x2
∞∏
n=1
(
1 + k
n
)2(
1 + k+x
n
) (
1 + k−x
n
)
=
1
1−
(
x
k
)2
∞∏
n=1
1
1− x
2
(n+k)2
=
∏
n≥k
(
1−
x2
n2
)−1
. (10)
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Since
∞∑
m=0
ζ⋆(r + 2, {2}m)x2m =
∞∑
k=1
1
kr+2
∏
n≥k
(
1−
x2
n2
)−1
=
∞∑
k=1
1
kr+2
Γ(k + x)Γ(k − x)
Γ(k)2
.
Thus we have this conclusion.
This identitiy can give us the integral representation of ζ⋆(r + 2, {2}n).
Theorem 3.2. For integers n, r ≥ 0, we have
1
r!n!
∫
E2
(
log
1− t1
1− t2
)r (
log
1
1− t1
− log
t2
t1
)n
dt1dt2
(1− t1)t2
=
{
ζ⋆(r + 2, {2}m), if n = 2m,
0, if n = 2m+ 1,
(11)
where E2 = {(t1, t2) ∈ R
2 | 0 < t1 < t2 < 1}.
Proof. The double integrals come from the differentiation of the following function Hr(x)
wtih parameter x > −1, defined by
Hr(x) =
1
r!
∫
E2
(
log
1− t1
1− t2
)r (
t1
t2
)x
(1− t1)
−x dt1dt2
(1− t1)t2
.
Indeed, we have
1
m!
(
d
dx
)m
Hr(x)
∣∣∣
x=0
=
1
r!m!
∫
E2
(
log
1− t1
1− t2
)r (
log
1
1− t1
− log
t2
t1
)m
dt1dt2
(1− t1)t2
,
since
d
dx
(
t1
t2
)x
(1− t1)
−x =
(
log
1
1− t1
− log
t2
t1
)(
t1
t2
)x
(1− t1)
−x.
Under the change of variables u1 = 1− t2 and u2 = 1− t1, Hr(x) is transformed into
1
r!
∫
E2
(
log
u2
u1
)r (
1− u2
1− u1
)x
u−x2
du1du2
(1− u1)u2
and it can be evaluated as
∞∑
k=1
1
kr+2
Γ(k + x)Γ(k − x)
Γ(k)2
.
Along with our previous results, we conclude that
G⋆r(x) = Hr(x) =
1
r!
∫
E2
(
log
1− t1
1− t2
)r (
t1
t2
)x
(1− t1)
−x dt1dt2
(1− t1)t2
. (12)
Take the coefficients of x2n of both sides, we obtain our double integral representation of
ζ⋆(r + 2, {2}n). Also note that H(x) is an even function of x, so that its coefficients of odd
powers vanish.
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We can express ζ⋆(r + 2, {2}m) as a sum of Gn+2(p, q).
Proposition 3.3.
ζ⋆(r + 2, {2}m) =
∑
p+q=2m
a+b=r
(−1)q+b
(
p+ b
p
)
Gq+2(p+ b, a). (13)
Proof. The integral representation of ζ⋆(r + 2, {2}m) in Theorem 3.2 is
ζ⋆(r + 2, {2}m) =
1
r!(2m)!
∫
E2
(
log
1− t1
1− t2
)r (
log
1
1− t1
− log
t2
t1
)2m
dt1dt2
(1− t1)t2
.
We use the binomial theorem to decompose the first factor in the above integral with
log
1− t1
1− t2
= log
1
1− t2
− log
1
1− t1
.
Then from the integral representation of Gn+2(p, q) in Theorem , we get the conclusion.
4. Sums of multiple zeta values of height one
Proposition 4.1. For integers n ≥ 0 and s, r ≥ 2, we have
∑
a+b=n
ζ⋆({s}a)ζ(sb+ r) =
∑
a+b=n
ζ⋆({s}a, r, {s}b). (14)
Proof. Let F (x) be the generating function of ζ⋆({s}a, r, {s}b), where s, r ≥ 2, that is
F (x) =
∑
a,b≥0
ζ⋆({s}a, r, {s}b)x(a+b)s.
From this definition we have
F (x) =
∞∑
n=1
∏
0<k≤n
(
1−
xs
ks
)−1
·
1
nr
·
∏
ℓ≥n
(
1−
xs
ℓs
)−1
=
∞∏
k=1
(
1−
xs
ks
)−1
·
∞∑
n=1
1
nr
(
1−
xs
ns
)−1
=
∞∑
n=0
ζ⋆({s}n)xns ·
∞∑
k=0
ζ(sk + r)xks
=
∑
a,b≥0
ζ⋆({s}a)ζ(sb+ r)x(a+b)s.
8
We write ζ({1}r, n+ 2− r) in its double integral form, then
n∑
r=0
(−1)r+nζ({1}r, n+ 2− r) =
1
n!
∫
E2
(
log
1
1− t1
− log
t2
t1
)n
dt1dt2
(1− t1)t2
.
Using Theorem 3.2 we have the following proposition.
Proposition 4.2. Let n be a nonnegative integer. Then
n∑
r=0
(−1)r+nζ({1}r, n+ 2− r) =
{
ζ⋆({2}m+1), if n = 2m,
0, if n = 2m+ 1.
(15)
Proposition 4.3. Let n be a nonnegative integer. Then
n∑
r=0
(−1)r+n(r + 1)ζ({1}r+1, n+ 2− r) =


(m+ 1)ζ⋆({2}m+2), if n = 2m+ 1,∑
a+b=m
ζ⋆({2}a, 3, {2}b), if n = 2m. (16)
Proof. The alternating sum has the integral representation
1
n!
∫
E2
(
log
1
1− t1
)(
log
1
1− t1
− log
t2
t1
)n
dt1dt2
(1− t1)t2
.
Consider the following function
M(x, y) =
∫
E2
(
t1
t2
)x
(1− t1)
−x−y dt1dt2
(1− t1)t2
.
It can be seen that
1
n!
(
∂
∂x
)n(
∂
∂y
)
M(x, y)
∣∣∣
x=0,y=0
=
1
n!
∫
E2
(
log
1
1− t1
)(
log
1
1− t1
− log
t2
t1
)n
dt1dt2
(1− t1)t2
.
With the change of variables t1 = 1− u2 and t2 = 1−u1, we have the dual integral represen-
tation ∫
E2
(
1− u2
1− u1
)x
u−x−y2
du1du2
(1− u1)u2
.
It can be evaluated as
M(x, y) =
∞∑
k=1
Γ(k + x)Γ(k − x− y)
Γ(k + 1)Γ(k + 1− y)
.
So that
∂
∂y
M(x, y)
∣∣∣
y=0
=
∞∑
k=1
Γ(k + x)Γ(k − x)
Γ(k + 1)2
· [ψ(k + 1)− ψ(k − x)] ,
where ψ(x) is the digamma function
ψ(x) =
d
dx
log Γ(x) =
Γ′(x)
Γ(x)
.
9
By Eq. (10) and for a positive integer p(
d
dx
)p
ψ(x) = (−1)p−1p!ζ(p+ 1; x),
we have
1
n!
(
∂
∂x
)n(
∂
∂y
)
M(x, y)
∣∣∣
x=0,y=0
=
∞∑
k=1
1
k2
n∑
r=0
(
n
r
)
dr
dxr
(∏
n≥k
(
1−
x2
n2
)−1)
·
dn−r
dxn−r
[ψ(k + 1)− ψ(k − x)]
∣∣∣
x=0
=


m+1∑
r=0
ζ⋆({2}r)ζ(2m+ 4− 2r), if n = 2m+ 1,
m∑
r=0
ζ⋆({2}r)ζ(2m+ 3− 2r), if n = 2m.
Applying Proposition 4.1 we conclude the results.
We use Eq. (11) with n = 2m+ 1 and decompose log
(
1− t1
1− t2
)
= log
1
1− t2
− log
1
1− t1
,
we have
1
(2n+ 1)!
∫
E2
(
log
1
1− t1
)(
log
1
1− t1
− log
t2
t1
)2n+1
dt1dt2
(1− t1)t2
=
1
(2n + 1)!
∫
E2
(
log
1
1− t2
)(
log
1
1− t1
− log
t2
t1
)2n+1
dt1dt2
(1− t1)t2
.
In terms of multiple zeta values it is∑
p+q=2n+1
(−1)q(p+ 1)ζ({1}p+1, q + 2) =
∑
p+q=2n+1
(−1)qGq+2(p, 1).
The alternating sum in the left is equal to (n + 1)ζ⋆({2}n+2) while the sum in the right is
equal to
∑
p+q=2n+1
ζ⋆({1}p+1, q + 2)−
∑
0≤a+b≤2n
(−1)bζ(a+ 2)ζ({1}2n−a−b, b+ 2)
=
∑
p+q=2n+2
ζ⋆({1}p, q + 2)−
∑
c+d=n+1
ζ⋆({2}c)ζ(2d+ 2)
=
∑
p+q=2n+2
ζ⋆({1}p, q + 2)− (n + 2)ζ⋆({2}n+2).
This leads to ∑
p+q=2n+2
ζ⋆({1}p, q + 2) = (2n+ 3)ζ⋆({2}n+2). (17)
10
Since
ζ⋆({2}n+2) = 2
(
1−
1
22n+3
)
ζ(2n+ 4),
we have ∑
p+q=2n+2
ζ⋆({1}p, q + 2) = 2(2n+ 3)
(
1−
1
22n+3
)
ζ(2n+ 4).
Hence we can conclude the above result as a proposition.
Proposition 4.4. For a nonnegative integer n,∑
p+q=2n+2
ζ⋆({1}p, q + 2) = 2(2n+ 3)
(
1−
1
22n+3
)
ζ(2n+ 4). (18)
As a matter of fact, this result is just a special case of [1, Theorem 1] which was proved
by Aoki and Oho. ∑
k∈I0(k,s)
ζ⋆(k) = 2
(
k − 1
2s− 1
)
(1− 21−k)ζ(k), (19)
where I0(k, s) is the set of admissible multi-indices k = (k1, k2, . . . , kn) with weight k =
k1 + k2 + · · ·+ kn and height s = #{i | ki > 1}. We include this result as an application of
the function Gn+2(p, q).
5. Sum formulas of Gn+2(p, q)
Proposition 5.1. Let n be a nonnegative integer. Then∑
p+q=2n
(−1)qGq+2(p, 2) =
∑
p+q=2n+1
Gq+2(1, p)−
∑
a+b=n
ζ(1, 2a+ 3)ζ⋆({2}b).
Proof. By Proposition 2.4 and 2.5, the left hand side of the above identity is∑
p+q=2n
(−1)qGq+2(p, 2)
=
2n∑
q=0
G2+q(1, 2n+ 1− q)−
2n∑
q=1
q−1∑
a=0
(−1)q−1−aζ(1, a+ 2)ζ({1}2n−q, q + 1− a).
After a suitable change the variable of indices and their orders, we can reach the following
2n∑
q=0
G2+q(1, 2n+ 1− q)−
2n−1∑
ℓ=0
ℓ∑
r=0
(−1)r+ℓζ(1, 2n+ 1− ℓ)ζ({1}r, ℓ+ 2− r).
By Proposition 4.2 we have
∑
p+q=2n
(−1)qGq+2(p, 2) =
2n∑
q=0
G2+q(1, 2n+ 1− q)−
n∑
a=1
ζ⋆({2}a)ζ(1, 2n+ 3− 2a).
Since G2n+3(1, 0) = ζ(1, 2n+ 3), hence we complete the proof.
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Proposition 5.2.∑
p+q=2n
(−1)q(p+ 1)Gq+2(p+ 1, 1) =
∑
p+q=2n
(p+ 1)ζ⋆({1}p+2, q + 2)
−
∑
a+b=n
b · ζ(2a+ 2)ζ⋆({2}b+1)−
∑
a+b+c=n−1
ζ⋆({2}a, 3, {2}b)ζ(2c+ 3).
Proof. We first use Proposition 2.4 and 2.5 such that the sum of Gq+2(p + 1, 1) in the left
hand side of the above identity becomes
∑
p+q=2n
(p+ 1)Gq+2(0, p+ 2)−
2n∑
q=1
q−1∑
a=0
(−1)q−1−a(2n+ 1− q)ζ(a+ 2)ζ({1}2n+1−q, q + 1− a).
Since Gq+2(0, p+ 2) = ζ
⋆({1}p+2, q+ 2), we get the desired first factor in the right hand side
of the above identity.
After a suitable change the variable of indices and their orders in the second factor, this
factor can reach the following
2n−1∑
ℓ=0
ζ(2n+ 1− ℓ)
ℓ∑
r=0
(−1)ℓ+r(r + 1)ζ({1}r+1, ℓ+ 2− r).
Using Proposition 4.3 we get the desired remaining terms.
Theorem 5.3. For a nonnegative integer n, we have∑
p+q=2n+1
(p+ 1)ζ⋆({1}p+1, q + 2)−
∑
p+q=2n+1
Gq+2(1, p)
=
(
2n+ 4
3
)
ζ(2n+ 4) +
n∑
j=1
(−1)j
∑
|cj |=2n+1−2j
ζ(cj0 + 3, cj1 + 2, . . . , cjj + 2)W (cj)
with
W (cj) =W (cj0, cj1, . . . , cjj) =
(
cj0 + 3
3
)
(cj1 + 1) · · · (cjj + 1).
Proof. The difference in the left hand side has the integral representation
1
(2n+ 1)!
∫
E2
(
log
1− t1
1− t2
)(
log
1
1− t2
+ log
t2
t1
)2n+1
dt1dt2
(1− t1)t2
.
So we begin with its generating function
G(x, y) =
∫
E2
(
t1
t2
)x
(1− t1)
−y(1− t2)
x+y t1dt2
(1− t1)t2
.
Indeed, our integral is equal to
1
(2n+ 1)!
(
∂
∂x
)2n+1
∂
∂y
G(x, y)
∣∣∣
x=y=0
.
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We change the variables t1 = 1− u2, t2 = 1− u1, the dual form of G(x, y) is given by∫
E2
(
1− u2
1− u1
)x
ux+y1 u
−y
2
du1du2
(1− u1)u2
and it can be evaluated as
∞∑
k=1
1
(k + x+ y)
Γ(k + x)2
Γ(k)Γ(k + 2x+ 1)
.
As (
−
∂
∂y
)
G(x, y)
∣∣∣
y=0
=
∞∑
k=1
1
(k + x)2
Γ(k + x)2
Γ(k)Γ(k + 2x+ 1)
so our evaluation is equivalent to find the coefficient of x2n+1 of the above function up to the
sign (−1)2n+1. To do so we have to express the quotient of gamma functions as an infinite
product through the infinite product formula of the gamma function. The procedure is
∞∑
k=1
1
(k + x)2(k + 2x)
Γ(k + x)2
Γ(k)Γ(k + 2x)
=
∞∑
k=1
k
(k + x)4
Γ(k + x+ 1)2
Γ(k + 1)Γ(k + 2x+ 1)
=
∞∑
k=1
k
(k + x)4
∞∏
v=1
(1 + k/v)(1 + (k + 2x)/v)
(1 + (k + x)/v)2
=
∞∑
k=1
k
(k + x)4
∞∏
v=1
(1 + 2x/(v + k))
(1 + x/(v + k))2
=
∞∑
k=1
k
(k + x)4
∞∏
v=1
{
1−
x2
(v + k)2
(
1 +
x
v + k
)−2}
.
From the final infinite product its coefficient of (−x)2n+1 is given by(
2n + 4
3
)
ζ(2n+ 4) +
n∑
j=1
(−1)j
∑
|cj |=2n+1−2j
ζ(cj0 + 3, cj1 + 2, . . . , cjj + 2)W (cj).
6. Evaluations of ζ⋆(r + 2, {2}n)
In this section we give the evaluations of ζ⋆(r + 2, {2}n), for r = 0, 1, and 2 using the
formula in Proposition 3.3.
Firstly, let r = 0. Then we have
ζ⋆(2, {2}n) =
∑
p+q=2n
(−1)qGq+2(p, 0)
=
∑
p+q=2n
(−1)qζ({1}p, q + 2).
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This is exactly the even case in Proposition 4.2.
Secondly, let r = 1. Then we have
ζ⋆(3, {2}n) = H0 +H1,
where
H0 =
∑
p+q=2n
(−1)q+1(p+ 1)Gq+2(p+ 1, 0), and
H1 =
∑
p+q=2n
(−1)qGq+2(p, 1).
Since Gq+2(p, 0) = ζ({1}
p, q + 2), H0 is the negative of the even case in Proposition 4.3.
H0 = −
∑
a+b=n
ζ⋆({2}a, 3, {2}b).
On the other hand, we use a similar method as the proof of Proposition 5.1 to treat H1.
H1 =
2n∑
q=0
Gq+2(0, 2n+ 1− q)−
2n∑
q=1
q−1∑
a=0
(−1)q−1−aζ(a+ 2)ζ({1}2n−q, q + 1− a).
After a suitable change the variable of indices and their orders, we can reach the following
∑
p+q=2n+1
p≥1
ζ⋆({1}p, q + 2)−
2n−1∑
ℓ=0
ℓ∑
r=0
(−1)r+ℓζ(2n+ 1− ℓ)ζ({1}r, ℓ+ 2− r).
By Proposition 4.2 we have
H1 =
∑
p+q=2n+1
ζ⋆({1}p, q + 2)−
n∑
a=0
ζ⋆({2}a)ζ(2n+ 3− 2a).
We use Eq. (19) to write the first term as a Riemann zeta value times a constant and apply
Proposition 4.1 to the second term, then we have
H1 = 2(2n+ 2)
(
1−
1
22n+2
)
ζ(2n+ 3)−
∑
a+b=n
ζ⋆({2}a, 3, {2}b).
Hence we conclude the value of ζ⋆(3, {2}n) as
ζ⋆(3, {2}n) = 2(2n+ 2)
(
1−
1
22n+2
)
ζ(2n+ 3)− 2
∑
a+b=n
ζ⋆({2}a, 3, {2}b).
Note that the form ζ⋆(3, {2}n) is the special case in the last sum with a = 0, b = n. Thus we
can collect them together and give a beautiful sum formula which was first appeared in [11,
Theorem 2] and then Zagier regained it in [14].∑
a+b=n
(2 + δ0a) ζ
⋆({2}a, 3, {2}b) = 2(2n+ 2)
(
1−
1
22n+2
)
ζ(2n+ 3). (20)
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Thirdly, let r = 2. Then we have
ζ⋆(4, {2}n) = A0 − A1 + A2,
where
A0 =
∑
p+q=2n
(−1)q
(
p+ 2
2
)
ζ({1}p+2, q + 2),
A1 =
∑
p+q=2n
(−1)q(p+ 1)Gq+2(p+ 1, 1), and
A2 =
∑
p+q=2n
(−1)qGq+2(p, 2).
Proposition 5.2 gives an evaluation of A1 and makes it to be
A1 =
∑
p+q=2n
(p+ 1)ζ⋆({1}p+2, q + 2)
−
∑
a+b=n
b · ζ(2a+ 2)ζ⋆({2}b+1)−
∑
a+b+c=n−1
ζ⋆({2}a, 3, {2}b)ζ(2c+ 3).
We decompose the first term as
∑
p+q=2n
(p+ 1)ζ⋆({1}p+2, q + 2)
=
∑
p+q=2n+1
(p+ 1)ζ⋆({1}p+1, q + 2)−
∑
p+q=2n+2
ζ⋆({1}p, q + 2) + ζ(2n+ 4).
Therefore A1 beomes
A1 =
∑
p+q=2n+1
(p+ 1)ζ⋆({1}p+1, q + 2)−
∑
p+q=2n+2
ζ⋆({1}p, q + 2) + ζ(2n+ 4)
−
∑
a+b=n
b · ζ(2a+ 2)ζ⋆({2}b+1)−
∑
a+b+c=n−1
ζ⋆({2}a, 3, {2}b)ζ(2c+ 3).
The value of A2 is calculated in Proposition 5.1:
A2 =
∑
p+q=2n+1
Gq+2(1, p)−
∑
a+b=n
ζ(1, 2a+ 3)ζ⋆({2}b).
We put the first terms of A1 and A2 together, we have∑
p+q=2n+1
Gq+2(1, p)−
∑
p+q=2n+1
(p+ 1)ζ⋆({1}p+1, q + 2).
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This value is just the left hand side of the identity in Theorem 5.3. Applying the result of
Theorem 5.3 and Proposition 4.4, we get the final form of ζ⋆(4, {2}n) as
ζ⋆(4, {2}n) = −
(
2n+ 4
3
)
ζ(2n+ 4) + 2(2n+ 3)
(
1−
1
22n+3
)
ζ(2n+ 4)− ζ(2n+ 4)
+
n∑
j=1
(−1)j+1
∑
|cj |=2n+1−2j
ζ(cj0 + 3, cj1 + 2, . . . , cjj + 2)W (cj)
+
∑
p+q=2n
(−1)q
(
p + 2
2
)
ζ({1}p+2, q + 2)−
∑
a+b=n
ζ(1, 2a+ 3)ζ⋆({2}b)
+
∑
a+b=n
bζ(2a+ 2)ζ⋆({2}b+1) +
∑
a+b+c=n−1
ζ⋆({2}a, 3, {2}b)ζ(2c+ 3).
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